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Abstract 

Let (M, g) be a Riemannian manifold and G a nondegenerate ^-natural 
metric on its tangent bundle TM. In this paper we establish a relation 
between the Jacobi operators of (M,g) and that of (TM,G). 
In the case of a Riemannian surface (M, g) , we compute explicitly the 
spectrum of some Jacobi operators of (TM, G) and give necessary and 
sufficient conditions for (TM, G) to be an Osserman manifold. 
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0. Introduction 

In [1] the authors introduced (/-natural metrics on the tangent bundle TM 
of a Riemannian manifold (M, g) as metrics on TM which come from g 
through first order natural operators denned between the natural bundle of 
Riemannian metrics on M and the natural bundle of (0, 2)-tensors fields on 
the tangent bundles. Classical well-known metrics like Sasaki metric (cf. 
P3] i [6]) or Cheeger-Gromoll metrics (cf. [3] , [11]) are examples of natural 
metrics on the tangent bundle. By associating the notion of F-tensors fields 
they got a characterization of (/-natural metrics on TM in terms of the basis 
metric g and of some functions defined on the set of positive real numbers, and 
obtained necessary and sufficient conditions for (/-natural metrics to be either 
nondegenerate or Riemannian (see [8] for more details on natural operators 
and F-tensors fields). 
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Some geometrical properties of g-natural metrics are inherited from the basis 
metric g and conversely (cf. [JJ, [2J, [7], [ID])- We will investigate in this paper 
the property of being Osserman which is closely related to the spectrum of 
Jacobi operators. 

Recall that for a tangent vector X G T X M with x G M, the Jacobi operator 
Jx is defined as the linear self-adjoint map 

Jx '■ T X M — > T X M where R denotes the Riemannian 

Y h- J X (Y) := R(X,Y)X , 
curvature operator of (M,g). Osserman manifolds are defined as follows: 

Definition 0.1 1. Let x G M. (M,g) is Osserman at x if, for any unit 
tangent vector X G T X M , the eigenvalues of the Jacobi operator Jx do not 
depend on X . 

2. (M,g) is pointwise Osserman if it is Osserman at any point of M. 

3. (M, g) is globally Osserman manifold if, for any point x G M and any unit 
tangent vector X G T X M , the eigenvalues of the Jacobi operator Jx depend 
neither on X nor on x. 

Globally Osserman manifolds are obviously pointwise Osserman. 

Remark 0.1 For any point x G M the map defined on T X M by X i — > Jx 

satisfies the identity J\x = A 2 Jx , V A G R. So the spectrum of J\x is, up 
to the factor -h, the same that of Jx- Thus (M,g) is Osserman at x G M 
if and only if for any vector X G T X M with I ^ and for any eigenvalue 
A(X) of Jx, the quotient g p^x) does not depend on X. 

Flat manifolds or locally symmetric spaces of rank one are examples of global- 
ly Osserman manifolds since the local isometry group acts transitively on the 
unit tangent bundle, and hence the eigenvalues of the Jacobi operators are 
constant on the unit tangent bundle. 

Osserman conjectured that the converse holds; that is all Osserman manifolds 
are locally symmetric of rank one. The Osserman conjecture has been proved 
in many special cases (cf. [1], [T2], [T3], [To]). 

Using the fact that (M,g) is totally geodesic in (TM,G) (cf. [TJ) we show 
that any eigenvalue of a Jacobi operator of (M, g) is an eigenvalue of some 
Jacobi operator of its (7-natural tangent bundle (TM,G). Furthermore, we 
investigate the Jacobi operators of ^-natural metrics on tangent bundles of 
Riemannian surfaces, and we compute explicitly their spectrums. Then we 
establish necessary and sufficient conditions for ^-natural tangent bundles of 
Riemannian surfaces to be Osserman manifolds. 
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1 Preliminaries 



Let (M, g) be a Riemannian manifold and V the Levi-Civita connection of g. 
The tangent space of TM at a point (x, u) G TM splits into the horizontal 
and vertical subspaces with respect to V : 

T^ u) TM = H M M © V M M . 

A system of local coordinates (U ; x i: % — 1, • • • , m) in M induces on TM a 
system of local coordinates (7r _1 (C/) ; Xi,u l , % — 1, • • • , m). 
Let X = YliLi be the local expression in U of a vector field X on M. 

Then, the horizontal lift X h and the vertical lift X v of X are given, 
with respect to the induced coordinates, by : 

X h = Vl'A-Vr'/I^ and (1) 
^ dxi ^ 3k du l v ' 

% t,j,k 
i 

where the Y l - k are the Christoffel's symbols defined by g. 
Next, we introduce some notations which will be used to describe 
vectors obtained from lifted vectors by basic operations on TM. Let T be 
a tensor field of type (1, s) on M. If Xi, X 2 , • • • , X s ^i e T^M, then 
/i{T(Xi, • • • , X s ^i)} and t>{T(Xi, • • • , X s _i)}) are horizontal 

and vertical vectors repectively at the point (x, u) which are defined by: 

h{T(x ir - ,x s _ 1 )} = J2u x (t(x 1 ,--- , A ,X s _!)) 

In particular, if T is the identity tensor of type (1,1), then we obtain the 
geodesic flow vector field at (x,u), £( X)U ) = Xa mA (af^j ' an< ^ the cano ~ 

nical vertical vector at (x, u), W( X)U ) = X]a mA (af^) 

Also /i{T(Xi, • • • , A s _ t )} and 

v{T(Ai, • • • , A s _ t )} are defined by similar way. 

Let us introduce the notations 

h{T(Xi, • • • , X s )} —: T(X 1 , • • • , X s ) h (3) 
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and 



V {T(X 1 , • • • , X s )} —: T(Xi, • • • , X s ) v . (4) 

Thus h{X} = X h and v{X} = X v , for each vector field X on M. 
From the preceding quantities, one can define vector fields on TU in the 
following way: If u = ^ u l (jj^j is a given point in TU and X±, • • ■ , X s _i 
are vector fields on U, then we denote by 

h{T(Xi, ■ ■ ■ ,u, ■ ■ ■ ,X,_i)} (respectively v{T(X u ■ ■ ■ , u, ■ ■ ■ , X,-i)}) 

the horizontal (respectively vertical) vector field on TU defined by 

h{T(X u - ,X S _ 1 )} = ^ M A T(X 1) --- ,^-1)" 



A 



( resp. t;{T(X 1? X^)} = £ w A T(X 1? • • • , A , • • • , X a _!) w ). 

A 

Moreover, for vector fields X±, ■ ■ ■ , X s _ t on U, where s , t e N* (s > t), the 
vector fields h{T(X\, ■ ■ ■ , u, ■ ■ • , u, ■ ■ • , X s - t )} and 
v{T(Xi, ■ ■ ■ , u, ■ • • , u, ■ ■ ■ , X s - t )} on TU, are defined by similar way. 
Now, for (r, s) G N 2 , we denote by ir M : TM — > M the natural projection 
and F the natural bundle defined by 

FM = tt* m ( T* 0- - -(8>T* (g) T(8)- - -(8) T )M -> M, (5) 

r times s times 

Ff(X x ,S x ) = (Tf.X x ,(T*®---®T*®T®---®T)f.S x ) 

for x G M, X x e T X M, S G (T* ®---<g)T*<g)T<g)---<g) T)M and any local 
diffeomorphism / of M. 

We call the sections of the canonical projection FM — ► M F-tensor fields of 
type (r, s). So, if we denotes the product of fibered manifolds by ©, then the 
F-tensor fields are mappings 

A : TM © TM © • • • © TM -> U <g> r T X M which are linear in the last 
v v ' xeM 

s times 

s summands and such that 7T2 o A — 7Ti, where 7Ti and 7r 2 are respectively the 
natural projections of the source and target fiber bundles of A. For r = 
and s = 2, we obtain the classical notion of F- metrics. So, F- metrics are 
mappings TM © TM © TM — > R which are linear in the second and the 
third arguments. 

Moreover let us fix (x, u) G TM and a system of normal coordinates 
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S := ([/; ) of (M, (7) centred at x. Then we can define on 

U the vector field U := £\ where (tt 1 , ■ • • , w m ) are the coordinates of 

u G T X M with respect to its basis ; i = 1, • • • , m). 

Let P be an F-tensor field of type (r, s) on M. Then on [/, we can define an 
(r, s)-tensors field P^ (or P u if there is no risk of confusion) associated to u 
and S by 

P U {X U --- ,X.) :=P(V Z ;X 1 ,--- ,X S ), (6) 
for all (X h ■ ■ ■ , X s ) G T 2 M, G U. 

On the other hand, if we fix x G M and s vectors Xi, • • • , X s in T X M, then 
we can define a C^-mapping P( Xl ... x s ) : T^M — > ® r T x M, associated to 
(*!,..., X.) by 

P(x 1 ,.. 1 x s )(«):=P(«;X 1 ,-..,X s ), (7) 

for all u G T X M. 

Let s > t be two non- negative integers, T be a (1, s)-tensor field on M and 
P T be an F-tensor field of type (1, t) of the form 

P T (u;Xi,..- ,X t ) = T(X lr -. ,X t ), (8) 

for all (it; X 1; • • • , X t ) G TM © • • • © TM, i.e., w appears s — t times at 
positions i\, • • • , i s _ t in the expression of T. Then 

- Pjf is a (1, t)-tensor field on a neighborhood {7 of x in M, 
for all it G T X M ; 

- Pj ir . A) is a C°°-mapping 7 ;,..!/ -> T X M, for all X 1; ■ ■ • , X t in T X M. 
Furthermore, it holds 

Lemma 1.1 ||J/ 

1) The covariant derivative of Pj , mf/i respect to the Levi-Civita connec- 
tion of (M, g) is given by : 

(VxPj) (X 1? • • ■ , X) = (V X T)(X 1 , • • ■ , u, ■ ■ ■ , u, X), (9) 

/or a// vectors X, Xi, • ■ ■ ,X t in T X M, where u appears at positions 
£1, • • • , m i/ie right-hand side of the preceding formula. 

2) The differential of Pf Xl ■■■ x t ) a ^ u e ^ s 9^ ven by ' 

= *>■■•>«>■••. **) + ••■ (10) 

+T(X 1 ,---, M ,---,X,---,X), 

/or all X G T^M. 
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2 g-natural metrics on tangent bundles 



Definition 2.1 Let (M,g) be a Riemannian manifold. A g-natural metric 
on the tangent bundle of M is a metric on TM which is the image of g by 
a first order natural operator defined from the natural bundle of Riemannian 
metrics S+T* on M into the natural bundle of (0, 2) -tens or fields (S 2 T*)T 
on the tangent bundles (cf. /XJ/ , J^). 

Tangent bundles equipped with g-natural metrics are called g-natural tangent 
bundles. 

The following result gives the classical expression of g-natural metrics: 

Proposition 2.1 Let (M,g) be a Riemannian manifold and G a 
g-natural metric on TM. There exists six smooth functions 
ojj, fa : 1R + — > R, % = 1,2,3, such that for any x G M and all vectors 
u, X, Y G T X M, we have 

' G (x , u) (X h ,Y h ) = { ai + a 3 ){t)g x (X,Y) 

+{Pi+P 3 )(t)g x {X,u)g x (Y,u), 

G(x, u ) (X h ,Y v ) = a 2 (t)g x (X,Y)+(3 2 (t)g x (X,u)g x (Y,u), 

G {x , u) (X\Y h ) = a 2 (t)g x (X,Y)+(3 2 (t)g x (X,u)g x (Y,u), 

, G( x , u ) (X V ,Y V ) = a 1 (t)g x (X,Y)+(3 1 (t)g x (X,u)g x (Y,u), 

where t = g x (u,u), X h and X v are respectively the horizontal lift and the 
vertical lift of the vector X G T X M at the point (x, u) G TM. 

Notation 2.1 

• <Pi(t) =Oi(t)+tPi(t), i = 1,2,3, 

• a (t) = Oi(t)(oi + a 3 )(t) - a 2 2 {t), 

• <p{t) = <p l {t){<p l + <Pz){t)-4>l{t), 

for allte R + . 

For a g-natural metric to be nondegenerate or Riemannian, there are some 
conditions to be satisfied by the functions aij and $ of Proposition 2.1. It 
holds: 
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Proposition 2.2 FT]/ A g-natural metric G on the tangent bundle of a 
Riemannian manifold (M, g) is : 

(i) nondegenerate if and only if the functions c^, Pi, i = 1, 2, 3 defining G 
are such that 

a(t)</>{t) + (11) 

for allt G R+. 

(ii) Riemannian if and only if the functions oti, Pi, i = 1, 2, 3 defining G, 
satisfy the inequalities 

a 1 (t)>0, &(t)>0, ( 
a(t) > 0, <p{t) > 0, 1 ' 

for allt G R+. 

For dimM = 1, this system reduces to a\(t) > and a(t) > 0, for all 
t G K+. 

Before giving the formulas relating both Levi-Civita connexions V of (M, g) 
and V of (TM, G) let us introduce the following notations: 



Notation 2.2 For a Riemannian manifold (M,g), we set : 

'V n,\V 

(13) 

where (x,u) G TM , X X ,Y X G T X M and R is the Riemannian curvature of 



T\u; X x , Y x ) = R(X X , u)Y x , T\u; X x , Y) = R(Y X , u)X x , 

T\u; X x , Y x ) = g{R(X x , u)Y x , u)u, T\u; X x , Y x ) = g(X x , u)Y x 

T\u; X x , Y x ) = g(Y x , u)X x , T Q (u; X x , Y x ) = g(X x , Y x )u, 
T 7 (u; X x , Y x ) = g{X x , u)g(Y x , u)u. 



The ^-natural metric G being defined by the functions on, Pi of Proposition 
2.1, it holds: 

Proposition 2.3 |7|/ Let (x,u) G TM and X, Y G X{M), we have 

^x^Y h ) {xu) = {V x Y)l u) + h{A{u;X x ,Y x )} + v{B{u;X x ,Y x )} (14) 

(Vx.r) M = (V x Y)^ u) + h{C(u;X x ,Y x )} + v{D(u;X x ,Y x )} (15) 

(yx«Y h ) [xu) = h{C(u;Y x ,X x )}+v{D(u;Y x ,X x )} (16) 

(Vx»r) (iiM) = h{E(u;Y x ,X x )} + v{F(u;Y x ,X x )} (17) 

where P(u; X x , Y x ) = YLi fF{\u\ 2 )T\u; X x , Y x ) , for P = A, B, C, D, E, F, 
and the functions ff defined as in 0/. 
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It has been notified by the authors in pQ that, the Riemannian manifod 
(M, g), considered as an embedded submanifold in its ^-natural tangent bun- 
dle (TM, G) by the null section, is always totally geodesic. 
Indeed the null section Sq of X(M) is defined by 

So : M —t TM 

x i-> (x, X ) , 

which determines an embedding of M in TM. 
Its differential at any point x G M is given by 

dS \ x : T X M -> T (X)0x) TM 

Then according to (1141) and (TTO]) we have 

V SmX S,Y = V xhoS (Y h o S) = S*(V X Y) , (20) 
for all X,Y e X(M). 



Thus from the relation (20) it holds: 

Proposition 2.4 |2J/ Any Riemannian manifold (M,g) is totally geodesic in 
its tangent bundle TM equipped with a non-degenerate g-natural metrics G. 

Remark 2.1 If G is nondegerate then the orthogonal of Sq{M) = M in 
(TM, G) is given by 

T X M ±G = {H^ 0x) + V ( l 0x) G T {xAx) TM/ (21) 
H,V G T X M and (e*i + a 3 )H + a 2 V = X }, 

where the functions on, i = 1, 2, 3 are evaluated at 0. 



3 Jacobi operators and Osserman g-natural 
tangent bundles 

In the above section, we mentioned that (M, g) is totally geodesic in (TM, G). 
By using this observation we get the following result: 

Proposition 3.1 Assume that dim M > 2, andx G M. If X is an eigenvalue 
of a Jacobi operator J x forX G S{T X M) then A is an eigenvalue of the Jacobi 
operator J X h of G at the point (x, X ) G TM. 
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Proof 

Let us choose in (T X M, g x ) an orthonormal basis (Xi, ■ ■ ■ X m ) such as 

X\ = X, and an orthonormal basis (Vj, • • • V m ) in T X M ±G . 

Then (X^^), • • -X^\(x, X ), Vi, ■ ■ ■ , V m ) is an orthogonal basis of T^ xfix) TM. 

Since (M,g) is totally geodesic in (TM,G) and J X h is self-adjoint, the 

matrix of Jyh in this basis has the form ( } ? I , where Ji is the 

(a.OaO y J 2 / 

matrix of Jx i n the basis • ■ ■ X m ), and J2 is a square matrice of order 
m. Thus if A is an eigenvalue of Jx then A is an eigenvalue of J X h . □ 

As a collorary we have: 

Corollary 3.1 If (TM,G) is pointwise Osserman manifold (respectively 
globally Osserman manifold) then the same holds for (M,g). 

We shall now give the explicit expression of J in termes of the Levi-Civita 
connexion V and the curvature tensor R of (M, g) and some F-tensors on M. 

Let (x, u) e TM and X = H^ u) + V£ >u) E T (l , u) TM, with H e T X M 
and V G T X M. In the following we give an expression of the Jacobi operator 
J x of (TM,G). Firstly, let us consider the following F-tensors which are 
defined in terms of the F-tensors A, B, C, D, E, and F of Proposition 12.31 
such as we have at any point x G M: 

P(a,b,c)(^H,Y,V) = B(u;H,A(u;Y,H))-B(u;Y,A(u;H,H)) (22) 

+B(u; H, C{u; Y, V)) - 2B(u; Y, C{u; H, V)) 



P(a,c,d,f)(u;H,Y,V) = D(u;A(u;Y,H),V) + D(u;C(u;Y,V),V)(23) 

-D{u;Y,F{u;V,V)), 

P(b,c,d)(u;H,Y,V) = C(u;H,B(u;Y,H))-C(u;Y,B(u;H,H)) (24) 

+C(u; H, D{u; Y, V)) - 2C(u; Y, D{u; H, V)), 

P(a,b,d,e,f)(u;H,Y,V) = F(u;V,B(u;Y,H)) (25) 

+F(u- V, D(u; Y, V)) — A(u; Y, E(u; V, V)), 



Pf C)E) (n; H, Y, V) = C(u; H, R(H, Y)u) + E(u; R(H, Y)u, V), (26) 
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P^ c) (u; H, Y,V) = d (A {Y , H) ) u (V) + d (C (Yy) ) u (V), (27) 



A(u; H, C(u; H, Y)) + A(u; H, E{u; Y, V)) (28) 
-F(u; Y, B(u; H, H)) - 2F(u; Y, D(u; H, V)), 

E{u- V, D(u; H, Y)) + E(u; V, F(u; Y, V)) (29) 
—E(u; Y, F(u; V, V)), 

D(u; C(u; H, Y), V) — 2D(u; C(u; H, V), F)(30) 
+D{u- E(u; Y, V),V)- D(u; E(u; V, V),Y), 

C(u;H,D(u;H,Y)) (31) 
+C(u; H, F(u; Y, V)) - C(u; A(u; H, H),Y), 

d{C { H,Y)) u (V)-2d{C {Hy) )jY), (32) 

Ql AE) (u;H,Y,V) = d{E {Yy) ) u (V)-d(E {vy) ) u (Y) (33) 

-d(A {HtH) )jY), 

for all u, H,Y,V G T X M. 

The Jacobi operator is then determined by 

Jx(Y h ) = h{R(H,Y)H+[(V H A u )(Y,H)-(V Y A u )(H,H)] (34) 
+ [(V H C U ) (Y, V) - (V Y C U ) (H, V)] 

- (V Y C U ) (H, V) - (V Y E U ) (V, V) 

+Pl AAC) (u; H, Y, V) + Pf AC ^ F) (u; H, Y, V) + Jf B>c>IJ) («; H, Y, V) 
+P(a,b,d,e,e)( u -> H ' F > V ) + P tc,E){^ H ' Y > V ) + P (W«; H, Y, V)} 

+ 

v{R(H, Y)V + [(V H B U ) (Y, H) - {V Y B U ) (H, H)} (35) 
+ \{V H D U ) (Y, V) - (V Y D U ) (if, V)} 

- (Vy (if, V) - (V Y F U ) (V, V) 

+P{ A:B , c) (u; H, Y, V) + P^ c ,D,F)(u; H, Y, V) + Pf B ^ D) (u; H, Y, V) 
+P(b,b,d,e,f ) (u; H, Y, V) + P^ F) { U] H, Y, V) + P^ D) (u; H, Y, V)} 
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Q\a,b,c,d,f){ u 'i B, Y, V) — 
Ql D , E , F) (u;H,Y,V) = 
Qt A , B , c) (u;H,Y,V) = 
Qt A ,c,D,F)(u;H,Y,V) = 
Ql c) (u;H,Y,V) = 



and 

Jx(Y v ) = h{(V H C u )(H,Y) + (V H E u )(Y,V) (36) 
+Q\a,b,c,d,e)(^ H > Y > V ) + Q\d, E ,f){u; H, Y, V) + Qlc, CjE) (u; H, Y, V) 
+Q(a,c,d,f)^ H, Y, V) + Q 5 (c) (u; H, Y, V) + Q 6 {A>E) (u; H, Y, V)} 
+ (37) 
v{(V H D u ) (H, Y) + (V H F U ) (Y, V) (38) 
+Q 1 { b,b,c,d,f)(u; H, Y, V) + Q 2 {D , FjF) (u; H, Y, V) + Q 3 {c>v>E) (u; H, Y, V) 
+Q(a,d,d,f)(u; H, Y, V) + Q\ D) { U] H, Y, V) + Qj fl>F) (u; H, Y, V)}, 

for any Y G T X M where the horizontal lift and vertical lift are taken at (x, u). 



4 Osserman g- natural tangent bundles of Rie- 
mannian surfaces 

Let (M,g) be a connected Riemannian surface, x G M and (U, (xi, X2)) a 
normal coordinates system on (M, g) centred at x. 
For any vector X = X 1 d xi + X 2 d X2 G T X M, let us set 

iX = -X 2 d Xl +X l d X2 . (39) 

Then the Riemannian curvature is given by: 

R(X, Y)Z = k(x)g(iX, Y)iZ (40) 

for all vectors X,Y, Z G T X M, where k denotes the Gaussian curvature of 
(M,g). 

We have the following result: 

Proposition 4.1 Let H G T X M such that H^ x0 > is a unit tangent vector in 
(Tr x Qx )TM, Gt x )). Then the spectrum of the Jacobi operator J H h is given 
by the set 

r Q k(x) f? + k(x)(J* + / 2 B )(0) eg + fj + h B m ] , , 

1 ' («! + «3)(0)' (ai + a 3 )(0) ' (ai + a 3 )(0) 1 1 ' 
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Proo/ Since H ? 0„ (^j, (iH)^, ("0?^) ) is a basis 1 

(T( a . ) o a .)T'M and according to fl34l) and fl36l) we have 

= °* (42) 
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(// + / 5 A + / 6 A )(0)^) 

? + (0)^,0.) 



(43) 
(44) 



-(/f 



-[/ 6 A (o) + %)(/i A + / 2 A )(o)](i//)U) 
-[/ 6 B (o) + M^)(/f + / 2 B )(o)](i^)- 



Then the matrix of the operator J H h in the basis 

(x,0 x ) 



/0 







fc(x) 



(ai+a 3 )(0) 








(ai+a 3 )(0) 


(ai+a 3 )(0) 






v A (Q) 



(ai+a 3 )(0) 


v B (Q) 

(ai+a 3 )(0) 



where we set 



5 P (0) = (/f + / 5 P + / 6 P )(0) 



^(o) = -/ 6 p (o) + %)(/f + / 2 p )(o) 

for P = A, B. This is a triangular matrix and then we get the result. 



(45) 



(46) 



(47) 
(48) 

□ 



Similary arguments and Proposition 4.1 lead to the following: 

Corollary 4.1 Let dimM = 2. // (TM,G) is a pointwise Riemannian Os- 
serman manifold then (M, g) has constant Gauss curvature. 

Proof 

Let x e M and V a vector in T X M such that g(V, V) = Then V£ xflw) is 

a unit vector in (T (xfix) TM, G [x , 0x) ) and (V^ {W%^ V? xfim) , ) 
is a basis of T( Xj0a .)TM. 
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By computing as in the proof of Proposition 14.11 the matrix of the Jacobi 

\ 



operator Jyv q ^ in this basis, we get: 



/ 5£M 

' ai(0) 





s D (Q) 

ai(0) 

V o 








/ 6 c (o) 



eti(O) 





/ff(0) 
ai(0) 











(f ( f-f 7 E )(Q) 

ai(0) 



(/ ( f-/ 7 F )(Q) 

ai(0) 



where we put 



S p (0) 



(f[ + f[ + fe P m, P = C,D 



(49) 



(50) 



Hence if (TM, G) is pointwise Riemannian Osserman manifold, according to 

k(x) 



is necessarly an eigenvalue of the ma- 



Proposition UTTJ the quotient / i+n )(U! 
trix (T4"9"j) that does not depend on x. So the Gaussian curvature k is constant. 
This completes the proof. □ 



Let us consider the orthonormal frame bundle O(M) over (M,g). It is a 
subbundle of the tangent bundle TM, and a g-natural metric on O(M) is 
the restriction of some g-natural metric on TM. It has been proved by the 
authors in [TO] that if (M, g) has constant sectional curvature, then is or- 
thonormal frame bundle equipped with a g-natural metric is always locally 
homogeneous (cf. Corollary 4.5 in [10J). 
From this observation and Proposition 4.1 we get: 

Corollary 4.2 Let (M,g) a connected Riemannian surface, and G a 
g-natural metric on its orthonormal frame bundle O(M). Then 
(O(M), G) is globally Osserman if and only if it is pointwise Osserman. 

Proof 

If (O(M), G) is pointwise Osserman, then by Corollary 4.1, (M, g) is of cons- 
tant Gaussian curvature and by Corollary 4.5 in [TU|, (0(M),G) is locally 
homogenous. Hence the spectrum of its Jacobi operators is the same for all 
points and then (0(M),G) is globally Osserman. □ 

In the sequel we assume that (M, g) is of constant Gaussian curvature k. 
It holds: 
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Proposition 4.2 Let (M,g) be a connected Riemannian surface with cons- 
tant Gaussian curvature and (x,u) G TM with u ^ X . Put t = g(u,u). 
Then the family (u h , (iu) h ,u v , (iu) v ) is a basis of T( Xjtt )TM and the 
non-vanishing entries of the matrix (Jij)\<i ,<4 of the Jacobi operator J u h 
with respect to this basis are: 

J22 = ?{{fi-kfi)[(f A -kf A )-u A + f A + f A + tf A )] 

+(/f-*tf)tt?+*(i-y?)) 

~(fi - kf?)(f B + fi + fi + tf 7 B )} + kt (51) 

J42 = ?{Ui-kf A )Ui-kf B )-(f A + f A + f A + tf A )Ui-kf B ) 

+ (fi - kfi)(fi + k(l - /*)) - (fi + fi + fi + tf 7 B )(fi - kfP)} 



J13 = nfi+f?+f?+tf?)(f?+fe+f?+tf 7 D ) 

-(fi + fi + fi + tfi){fi + fi + fi + tf 7 E )\ 

-t[(tf + fi + fi + Ztff) + 2t(f A ' + f 5 A ' + f 6 A ' + tf 7 A % 

J33 = tH(fi + fi + fi + tf 7 B )[(fi + fi + fi + tf 7 c )-(f[ + f( + fi + tf 7 F )} 
HfF + fi + fi + tfiWF + fi + fi + tf 7 D ) - (f 4 A + ff + fi + tf 7 A )]\ 

~t[(fi + fi + fi + Stf B ) + 2t(f B ' + f B ' + f B ' + tf B % 



J2, = ?{{fC-kfC)[{f A -kf A ) + {fi-kfP)} 
-(fi-kf 2 c )(fi + fi + fi + tf A ) 

-(fi-kfiKfi + fi + fi + tfi)} 

-t[(fi + tf 7 A ) + k(f A + f A )}, (53) 
J44 = t*{(fP-kfP) 2 + (f B -kf 2 B )(fC-kf?) 

~(fi ~ kfi)(fi + fi + fi + tf 7 A ) - (fi - kf[)(fi + fi + fi + tf B )} 
-A(fi + tf B ) + k{f B + f B )\ . 

Remark 4.1 1. It is easy to check that 

(01+03)^13 + 02^33 = 0, (54) 



a 2 (Ju — J22) + («1 + «3)^24 = J42. (55) 
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2. The following vectors 



1 



v 2 



v 3 



v 4 



u ' 



t(f>{t) 

1 



u 



yjt(a! + a 3 )(t) 

{oti + a 3 )(t) 
ta(t) 



(m) f 



lit - 



a 2 (t) 



y/ta(t)(ai + a 3 )(t) 



(56) 

(57) 
(58) 

(iu)\ (59) 



where the lifts are taken at (x,u), determine an orthonormal basis of 
(T (X , U) TM, G 

Proposition 4.3 Let (x,u) G TM such that u ^ X and t = g(u,u). 
Then the spectrum of Jacobi operator J u h is given by the set 



{x,u) 



(60) 



rn j (J 22 + J 44 ) + V 7 ^ (</ 22 + </ 44 ) - \/A. 

t u ; J 33, ^ ' 2 

where A = (j 22 - J 44 + 2^ J 42 ) 2 + 4^^^,. 
Proof 

According to Remark 14.11 and Proposition 14.21 the matrix of J u h in the 
orthonormal basis (vi, v 2 , v 3 , t> 4 ) is given by 



/ 











\ 





J 33 
















( J 22 + ai+az -h2) 


yfa j 




v° 





sfa j 
i '-'42 


( J 44 ai+Q3 ^42) 


/ 



(61) 



So by computing the eigenvalues of this matrix, we obtain the proof. □ 

Using Proposition 14.31 and by notifying that G(u h ,u h ) = t(<f>i + 4> 3 ){t) with 
t = g(u,u), we obtain the following results: 
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Theorem 4.1 (TM,G) is a pointwise Osserman manifold if and only if 

1. (M,g) has constant Gauss curvature k. 

2. The eigenvalues of its Jacobi operators on the unit tangent bundle 
S(TTM) are the functions (\i)i=i,2,3 defined on TM by 

\ (x,u) = 0, (62) 
J33 



Ai(x,u) 
A 2 (x,w) 



t(01+0 3 )' 

(J22 + J44) + 

2t(01 + 3 ) ' 

(J22 + J44) - Va 
2t(0i + fa) ' 



ifu^0 2 
and 



\ (x,0 x ) = 0, (63) 

(fi + h B + h B W) 



Ai(x, 0a.) 

X 2 (x, X ) 
A3 (x, 0a,) 



(«i + a 3 )(0) 
fc 



(ai + a 3 )(0)' 

fl+Hfi+fjm 

(ai + a 3 )(0) 



Theorem 4.2 (TM, G) a globally Osserman manifold if and only if 

1. (M,g) has constant Gauss curvature k. 

2. The eigenvalues of its Jacobi operators on the unit tangent bundle 
S(TTM) are the real numbers (Aj)j = i 5 2,3 given by 

Ao = 0, (64) 



Ai 
A 2 
A3 



(ai + a 3 )(0) 
k 



{a 1 + a 3 )(0y 

_fl±Hfl±fiM 
(ai + a 3 )(0) 
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In the following we apply the result in Theorem 4.2 to the Sasaki metric and 
to the Cheeger-Gromoll metric on the tangent bundle. 

Applications: 

1. Let G be the Sasaki metric on the tangent bundle TM. 

In this case the functions and 0i of Proposition 2.1 are given by: 

ai = 1 ; a 2 = a 3 = and 

A = fa = ft = o . 

The eigenvalues Ao, Ai, A2, A3 of Theorem 4.2 are: 

Ac = Ai = ; A 2 = k ; A 3 = . 



2. Let G be the Cheeger-Gromoll metric on the tangent bundle TM. 
Then the functions aij and /3, of Proposition 2.1 are given by: 

«i = 0i = ; «2 = oto = and 

' 1 + 2t 

2t 1 



1 + 2t l + 2t 

The eigenvalues A , Xi, A 2 , A 3 of Theorem 4.2 are in this case: 

Ao = Ai = ; A 2 = k ; A 3 = . 



We can conclude that the tangent bundle TM with the Sasaki metric or 
the Cheeger-Gromoll metric is globally Ossermann if and only if (M, g) is 
of constant Gaussian curvature k and the eigenvalues of its Jacobi operators 
are (with multiplicity three) and k. 

The following consequence for the sectional curvature of g-natural metrics 
can be derived from Theorem 4.2: 

Corollary 4.3 Only flat g-natural metrics on the tangent bundle of a Rie- 
mannian surface (M, g) are of constant sectional curvature. 

Proof 

Let G be a g-natural metric on TM of constant sectional curvature. Then 
(TM,G) is globally Osserman. But also (M,g) is then flat (cf. [7]) and 
according to (164)) . the eigenvalue A 2 = ( ai+ a 3 )( ) °f the Jacobi operators of 
(TM, G) is like the eigenvalue A equal to zero. 

Thus is an eigenvalue of the Jacobi operators of (TM, G) with multiplicity 
at least two. Hence (TM, G) is flat. □ 
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Remark 4.2 This corollary extends Proposition 4-3 in [7|/ to the case where 
dimM = 2. 
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